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ELEMENTARY PROPERTIES OF FREE GROUPS

BY

GEORGE S. SACERDOTE

ABSTRACT.   In this paper we show that several classes of elementary prop-

erties (properties definable by sentences of a first order logic) of groups hold

for all nonabelian free groups.   These results are obtained by examining special

embeddings of these groups into one another which preserve the properties in

question.

I.   It has long been conjectured that the finitely generated nonabelian free

groups are elementarily equivalent.   (That is, they satisfy the same sentences of

first order group theory.)   The truth of this conjecture would yield the elementary

equivalence of all of the nonabelian free groups.   There have been several partial

results in this area. The most notable are (') (1) (Oral tradition)   All nonabelian free

groups satisfy the same IL  sentences; (2) (Merzlyakov's Theorem)   If m > m' >

2  ate integers, then a positive sentence  <D  in the language of  F   /   (the free group

of rank m') holds in  F     (under the standard embedding) if and only if it holds in

Fm"

In this paper we shall apply the graph-theoretic techniques of small cancella-

tion theory as developed by Lyndon, Schupp, and Weinbaum to prove a general

lemma (hereafter called the Principal Lemma) from which both of these results

and others can easily be obtained.   More precisely, we shall prove

A. Any  n,   sentence in the language of F   ,  which holds in  F     (under the

standard embedding) holds in  F   , .

B. Let O be a positive sentence in the language of a free group F   , ; then  0

holds in F   ,   if and only if an instance of 0, obtained by replacing the existentially

bound variables of <D  by terms involving the generators and the preceding (in the

prefix of <D) universally bound variables and deleting the quantifiers, is valid in

Fm-'

C. Merzlyakov's Theorem.

D. Given a positive sentence  0  in the language of  F   , there is an   embed-

ding of F     into F   /   such that F     satisfies   $ if and only if F   /   satisfies  $.
° m m m J m

In addition we will prove
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E.   F     is not an elementary subgroup of  F   , .

The author wishes to acknowledge the helpful conversations with K. I. Appel,

W. W. Boone, and R. C. Lyndon which have contributed greatly to this work.   This

research was conducted while the author held an NSF Traineeship and a NATO

Postdoctoral Fellowship.

The basic language of this paper will be the first order language of group

theory with individual variables (subscripted x's, y's and z's), an individual

constant 1, the operation symbols   ' and  ~   , the predicate =, and the logical

symbols   &.,   V, ■v, V,  and   3.    Given  a group   H,  the  language  of   H,   L

will be our basic language with the addition of a new constant    b    (name of h)

for each element h  of H,   In particular  L     is  L.   Where no confusion can arise

h    will be written h.   All sentences will be assumed to be in prenex normal form

with their matrices in disjunctive normal form.   All atomic formulas will be as-

sumed to be in the form / = 1   for some term /.   A sentence will be called  11     if
7!

it is logically equivalent to a sentence whose initial quantifier is  V and whose

prefix has at most n — 1  alternations of quantifier type.   In particular a  IL   sen-

tence is quantifier free.   The negation of a  II     sentence is  S  .   A sentence will

be called positive if it is logically equivalent to a sentence which does not in-

volve the negation symbol ~ .

Let F   , = (ß, y, £,, ••• , £  ,)   and let F    =F   , * (Ç ,   ,,-••,£   )•   Let

a = ß'yß~'  for all integers  z, and, given a positive integer p, let r(z, p) =

a ip.+ ia in+2   ••• a (¡ + i)^.   Let x and y be t- and s-tuples of distinct individual

variables.   Suppose that Mix, y)  is an open formula of our basic language and that

u  is an arbitrary ¿-tuple of elements of  F   .

The Principal Lemma.   Suppose that p > BIG(M, u) ian effectively calculable

function of certain measures of the complexities of M and u, which will be

specified in §4).   Let       be the homomorphism from  F     onto  F    ,  defined by

f = / for f in  F   , and Ç,. = r(z, p), for i > m'.    Then for any s-tuple  v  of ele-

ments of F   ,  for which  M(ff, v) holds, one can effectively calculate a sequence

v  of elements of F     such that M(u, v) holds and such that   v"*= v.   Moreover v
1 '       m

is obtained by replacing certain subwords of elements of v  orz the letters ß and

y by words of F     involving the  £..

The proof of this lemma will be deferred to §4.   First we apply it to obtain

the Theorems A—E stated in the introduction.

Theorem A.   Arzy  lL   sentence in the language oj F   ,   which holds in  F

under the standard embedding holds in  F   , ■
° m



ELEMENTARY PROPERTIES OF FREE GROUPS 129

Proof.   Let  (Vxj)(3x2) (Vx3)M(c, Xy x2, x3) hold  in   Fm   where  c  is a tuple

of (names for) elements of F   ,.   Choose an arbitrary u,   in  F   ,    and   the   corre-
zzz 'im

sponding u    in F      such that F     satisfies the sentence (Vx.)M(c, Uj, u2, x,).

Let u  be the sequence obtained by concatenating  c, Uj  and u?.   If p > BIG (M, u),

then  F   ;   satisfies the sentence  (Vx,)M(c, u,, u,, x,); if there existed v  in  F   ,
m 3 i       í       d m

such that the sentence ~M(c, u,, u», v)  held in that group, then we could calculate

v  in  F     such that ~M(c, u., u-, v) held in  F   .   Thus  F   ,   satisfies  (3x,)
zzz 12 mm I

(Vx,)M(c, u,, x-, x,).   But  u.   was an arbitrary choice of elements of F   /.   Con-

sequently (Vxj)(3x2)(Vxj)M(c, Xj, x2, xA holds in Fm, .

Theorem B.   Let $ be any positive sentence in the language of F   ,.   <D

holds in F   , if and only if an instance of $, obtained by replacing each existen-

tially bound variable by a term involving the generators and the preceding univers-

ally bound variables and deleting  the quantifiers, is valid in  F   , .

Proof.   If such an instance of <D holds, it is clear that $  must hold.   The

proof of the converse requires the principal lemma.

We shall define an increasing sequence of natural numbers p.y p2, ■ ■ ■ , p

by induction and a finite sequence of free groups  H .,•••, H  .   Let the zth block

of universally bound variables in the prefix have length  /..   Let ¿j , £     . . . , ¿j

(r = 2 r.) be new letters.   Let u,   instantiate the first block of existentially bound

variables.   Let u-  be the first t^   f's.   Let /Zj = BIGÍM, ] j) where /.is con-

catenation of c  and u..   In general, if i = 2k + 1, let u . be a true instantation of

the initial block of the existentially   quantified variables in the formula

(3x2k + l) " " " M(c' ul' - " - ' u2k' x2k+l " - -) in the SrouP Fm' m(ß*Y>Cv ••• ■> C"

Uj, u4, • ■ • , u2k; rf¿ = r(z, p.) fot ¿j. in  u).   If  i = 2k + 2, let zz. be the first

I, tf's whose subscripts exceed all the subscripts of <f's appearing in  u     .   Let

p,    .   be any integer exceeding p,   and  BIG ÍM, ] .) where /    is obtained by con-

catenating  c, U,, • • • , II,.    ,   and replacing the  rf's which appear in the  u?.  by

the corresponding r(z, p.).   When the above has been completed, define H   = F   , *

(Ç.,Ç.  in  u2n   or, •••-u2(n_i+1)).    In particular,//0 = Fm,.   Let f0(c,.«,, •• -, u2n+,)

be  the  qunatifier-free  formula  so  constructed.    *Pn   is true in F  , = F  ,*(£■£ -
Omm       s^k' 'i ~

r(z, p.), rf¿fu2.).   By the principal   lemma therfore we can calculate    v-2     1^1 =

"2n+l   SUch that' 'n   HV M^C' ul' ■ • •  ' u2n' V(2n+l),l) h°lds'  (CaI1 "  V^   Repeat

this argument z2  times, at each stage concluding that since a formula holds in

W._j, a related formula must hold in H ., by considering H     .   asa quotient of

/L  by the rule  H._ ,  = </í¿/(rfy = H/, pn_¿), ^  in  «n_j)).   In this way calculate

v(2„+l),i = C;(2„+l),i_l' ••• ' v2(„-i)+l,i + l = u2(„-i) + l-   II is immediate from the

last sentence of the statement of the principal lemma that u,,   = u„,    for each
r r 2k 2k

application of the lemma.   At each stage a formula *P. is constructed in the
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language of H. which is true in that group because W ._,   is true in H...   Let

$*be f   : that is, 0* is M(c, v.    , u-, • • • , u,     .    ).   0* holds in H  .
71 '    ^ ',n        ¿ ¿n+t.n tí    ^

Obtain 0 from 0   by replacing the letters E, . by new variables z ..   0 holds

in  F   , , since given w,, ■ • • , w,  elements of F   , , the map ¿r   —> w . defines a
712     ' ° 1 t m     ' r    'z !

homomorphism from H     onto F   , ; thus the truth of $    in  H     implies the truth of

0(w) in F   , .
77!

Theorem C (Merzlyakov).   Let m and m'  be integers with m > m' > 2, and let
F    '

0(c) ¿e a positive sentence in the language L   m .   0(c) holds in F     if and only

if it holds in F   <.' 171

Proof.   If the given sentence holds in  F   , it certainly holds in  F   , , since
° 771 ' 771

F   ,  is a quotient of  F   , and the truth of positive sentences is preserved under

quotients.

Conversely, suppose that 0(c) holds in  F   , .   Let OTx, c) be an instance

of 0(c), of the type specified in the statement of Theorem B, which is valid in

F     if and only if 0(c) holds in F   .   Let x have rz elements.   It suffices to show
71! ' 71!

that if m - m'  > rz, OTx, c)  is valid in  F   , for if m — m' < rz, then  F     is a quo-
— !7l' ' 77! ^

tient of F   ,     , the free group of rank rzz' + n, and, thus, OTx, c) must be valid

in  F   .   Further, it suffices to show that 0T<C   » ,, C  '.i' " " " » C  ».    > c)  holds in

F   , for, given any rz-tuple d of elements of F   , the endomorphism defined by

/  —» / for / in  F ,, C   /  . —» 0.  for  1 < z < h, and  C. —> C ..for /' > m    + n  must
' ' ' 771 ^771+1 ! —        —        ' ^1 ^¡' '

preserve the truth of $*£   i t ■>•••, C i     > c)-   That is, OT0, c) must hold in  F   .

Choose  u > BIG(0 , ÍC  i  ., • • • , C  i     , c)).   Define the map    : F    —• F   ,  by
n ^771+1 ^77!   +71 r 171 171 J

C  —' C > í°r  i < m' , and C. —» r(z, u) for  i > m'.   Since  0(c)  holds in  F   , ,

OTx, c)  must be valid in  F   ,.   Hence 0\c   .,,•••, C  i     , c)  holds in  F   , .
71! ^771+1' ^711+7! 771*

Therefore, by the principal lemma (where the vector u   is  (£»,,•••,£   »     , c)

and the vector v  is empty), F     satisfies  0T£   /,,•••, <C   i     , c).   Thus  0(c)
*    y    *        771 ^771+1 ^771+7!

must hold in F   .
TU

Theorem D.   Le/ 0(c) be a positive sentence in the language of F   .   Then

there is an embedding of F     into  F   ,   such that 0(c) holds in  F     if and only
°       ' 771 77! m       ' J

if it holds in  F   ..
' m

Proof.   To avoid ambiguity, let the generators of  F     be renamed  rj., • ■ ■ , 77   .

If F     satisfies 0(c), then K= F   , * F     satisfies it by Theorem C.   Given any
m mm' J

collection w.,•••, w     of elements of F   ( , the group (K/ir). = w. (z: = 1, 2, • • • ,

riz)))  isomorphic to F   ,   satisfies 0(c), because it is positive.

Conversely, suppose that a X2 , sentence, 0(c), is given with constants

c naming elements of F . Let M be the matrix of 0. Choose pn > BIG(M, 0).

Embed  F     into  F   ,   via the map which sends  77.  to TO, pA.   Let  c  be the
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embedded images of the constants  c.   We suppose now that F   »   satisfies  <I>(c).

Let the  zth block of universal quantifiers of <t> have t. bound variables and sup-

pose that there are  t universally bound variables altogether.   Let Sj, • ■ • ,8    be

new letters.   By Theorem C, since  F   ,   satisfies $(c), then so does  Kj =

F   i  * (8,, • • • , 8 ),   By Theorem B, K.    satisfies  a  formula  of the  form
zzz 1 t 1

Míe, u., u,, • • • , u     ,)  where each u0.   is instantiated with the first  /   8's not
I       2 n + 1 2i z

appearing in any preceding u2-, and each "2-.i   is instantiated by a word in the

generators of F   ,   and the  8's appearing in u,., for j < z.   Therefore, by the

principal lemma, K  * F    satisfies  Míe, u., u2, • • • , u2     .).   But each u2. = u2.

because  u,.   does not involve the letters  ß  and y.   Let u?.   .   be the image of

u2.   j  under the map F m, = 1, for each z.   Then  (8V •■■ , 81) * F'm  satisfies

iM(c, u,, u,, • • • , u.,  , u?     .), where each u*.   ,  is a word on the generators of F    and
1       2 2n       2n + l 2i + l ° zzz

those which appear in the preceding II...   Therefore  (8., ■ • • , 8) * F     satisfies <5(c ).

Applying Theorem C once again shows that F     satisfies <IXe).

Theorem E.   F     is not an elementary subgroup of F   ,.

Proof.   Let w ,,•••, w     be the embedded images of the generators of F
1 7Z! ° ° ZZZ

under any embedding of F     into F   ,.   Let W .,•••, W     be obtained from the
' b m m V '     m

corresponding w's by replacing ß by the variable  x., y by the variable x2, and

£. by x.,   i' = 3, 4, • • • , zzz'.   The sentence  (3xj)(3x2) • • • Í3xm,)[wl = lVj & • .. &

w    = W   ]  is true in  F   ,  and false in  F   .
mm m m

It is clear that the preceding argument is not restricted to the theory of groups.

Let  L  be any first order language (with equality), and let  T be any universal L-

theory.   Given a model M  of T and a minimal finite set of generators  (a,, • • •  , a )

of M, then the elements of M  ate just terms involving the constants of L  and the

generators.   Thus, one can mimic the proof of the preceding theorem to obtain

Theorem F.   Let m > n be positive integers, and let M and N be models of

a universal theory  T where M  has  zzz generators in a generating set of minimal

size, and N  has n generators in such a generating set.    Then M  is not an element-

ary substructure of N.

3.   The following preliminaries concerning the graph theoretic techniques in

small cancellation theory will be needed for the proof of the principal lemma.   A

zzzap in the plane n is determined by a finite set of points called vertices and

simple arcs called edges.   Both ends of an edge are to be vertices; it is assumed

that one edge is incident to another only at a vertex.   A region of M  is a bounded

component of II — M.   We consider only maps in which every region is simply con-

nected.   The boundary M ' oí M  is the topological boundary of the unbounded com-

ponent of n - M.
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A diagram over a free group F  consists of a map M  together with a function

assigning to each oriented edge E  of M  as  label XÍE) a nontrivial element of F

and assigning [A(F)]~     to the oppositely oriented edge E~   .   We shall associate

a diagram M  with each finite sequence p., p-,■••, p     of nontrivial elements of

F.   Note that each p. can be uniquely written without cancellation as  u r u~

with  r.  cyclically reduced.

A diagram M will be called a diagram for the sequence p., • • • , p    if it

satisfies the following two conditions:   (1) The boundary M ' is connected and

contains a vertex and has the following further property: if E., • • ■ , E,   are suc-

cessive edges in a positive boundary cycle of M  beginning at 0, then the product

of the lables kiE AkiEA ■ ■ • A(E.) is reduced without cancellation and is the

reduced form for the word w = pypj ' ' ' P  '

(2)   If D  is any region of M  then its boundary D ' contains a vertex  P  such

that if E,, ■ ■ ■ , E,   are the successive edges traversed in a positive boundary

cycle of D, the product of the labels \(E A \ÍE A • • • A.(£,) is reduced without

cancellation and is one of the  r..
i

Lemma 3.1   ivan Kamp en-Lyndon),   There exists a diagram for every sequence;

this diagram is connected and simply connected.

Let  R  be a collection of cyclically reduced elements of F.   We will call R

symmetrised if R   is closed under the operations of taking inverses and cyclic per-

mutations.   A sequence p .,■■■, p     of conjugates of elements of R  will be

called minimal if the product p.p2 ■ ■ ■ p     is not equal to another product q^ • • •

q    of conjugates of elements of  R  with  t < n.

Let M be a diagram over F. M is called reduced if for no pair of regions D,

and D2, with Dj n Dl 4 0, does (D j u D2V have the product of the labels on a

positive boundary cycle freely reduce to  1   in  F.

Lemma 3.2 (Schupp).   If M  is the diagram of a minimal sequence, then M  is

reduced.

Lemma 3.3 (Lyndon).    Let M  be a reduced diagram which contains at least

one region.   Then there is a region D of M such that D ' P\ M ' is a connected

simple arc.

Call a simple arc in M ' of maximal length which contains no vertices of

degree at least three a segment.

Lemma 3.4.   // M   is a reduced map with  v > 0 regions then the number of

segments (with multiplicity) in  M ' is at most  Av - 1.

Proof.   If v - 1   then either M   is a disc with  0 on its boundary or else  M  is
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a disc joined to the base point by a segment.   In either case the number of segments

does not exceed three.

In the general case, let D  be a region for which  D °n M ' is a connected  simple

arc A.   A must be a segment for (i) all interior vertices of A  must have degree two

(otherwise  D T\ M ' is not a simple arc) and (ii) the end points of A  must have

degree at least three (otherwise A   could be lengthened).

Case I.   D ' contains no interior edges of M.   Then there is a reduced map M

such that D   is connected to M    by a vertex of D, P, or D  is connected to M    by a

segment attached to a vertex  P  of M .   M    has one less region, and, therefore, has

at most  Aiv - 1) - 1   segments.   If P  has degree three in M , then the total number

of segments of M  is the sum of the number of segments in M    and the number of

segments in D  (and the attaching segment), which is at most Aiv - 1) - 1 + 3 <

Av - 1.   If P has degree two in M , then attaching D (and its attaching segment)

divides a segment of M    into two segments.   Thus the number of segments in M

is at most Aiv - 1) - 1 + 4 = Av - 1.

Case II.   D ' contains an interior edge of M.   Let M    result from M by deleting

A,   M    is reduced, connected, and simply connected; also, M    has at most v - 1

regions.   Let  P  and  P    be the endpoints of A.   If P  and  P     both have degree

two, then M has at most two more segments than M .   If one of P and P   has

degree two, then M  has at most one more segment than M .   Otherwise, M  has no

more segments than M .   In any case, the number of segments of M  is at most

4v- 1.

It follows at once from its definition that a segment is either a maximal con-

secutive part of D ' n M ' tot some region  D  or else is a simple arc whose interior

is not on the boundary of any region.   Given any reduced map M, we can construct

a map M    in which all boundary edges are segments, simply by deleting boundary

vertices of degree two and combining the incident edges.

4.   In this section we prove the principal lemma.   First we shall give numerous

reductions of the problem and auxilliary lemmas.   Recall that we are given an open

formula Mix, y)  of the basic language, a tuple  u  of elements from  F   , a suf-

ficiently large value of rhe parameter p, and a projection    : F    -** F   ,   defined

by / = / for / in  F   ,   and  £. = Y(i, p)  for  i > zzz'.   We seek an algorithm which,

when given a tuple v of elements of F   ,   such that MÍS, v) holds, enables us to

calculate pre-images  v  for the  v's having the property that M(u, v)  holds in  F   .

For any map      for which v"= v, for any word VK(x, y), if W(J, v) / 1  in F   , ,

then  Win, v) / 1   in  F     since positive sentences are preserved under quotients.

Thus we need only ensure that the pre-image map v   which we construct has the

property that  W(û, v) = 1   in  F   ,   implies that  lV(u, v) = 1   in  F     for each atomic

subformula  WÍx, y) = 1   of Mix, y).   We need only prove the lemma in the case that
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M has precisely one atomic subformula WAx, y) = 1  for which WAû, v) = 1.   The

case for more general M  is handled as follows:   Add a new letter d to both F

and  F   , , obtaining the groups  F     and  F   , .   Suppose that W. (u, v) = 1,

WAS, v) = 1, and  • . . , and WÍG, v) = 1   in F   , .   Then in F>   IW''W.(Î, \)d~\
¿ o m ^m i >

i = 1, 2, « «. , a, equals 1.   Therefore, by the special case, F     satisfies

II d'W.íu, v)d-\ i = 1, 2, .. - , a.   Thus  Fm  satisfies W ¿u, v) = 1,  W2(u, v) = 1,

... , and Waiu, v)= 1.

Let L  be the length of the word W(u, y)  as an element of the group F    * ( y).

Recall that s  is the length of the sequence of variables y.   Let s'  be the number

of distinct maximal subwords of elements of u on the generators of F   , , and

let p be the maximum length of such subwords.    Let  p  be the number of occur-

rences of the letters   ¿\, i > m', in W(u, y); let 77 = L(s + s')(2s + 2s' + l)t +

Ap - 1.   Define  BIG(M, u) = in - Dip + l) + p + 1.

Let T = [2', i  in Nj.   Let t be any integer; define  T + t = {(« + <), a  in T\.

Lemma 4.1.   // t 4 0, then  T O T + t has at most one element.

Proof.   Suppose t > 0.   Let 2a and 2    be elements of T + t D T and 2C

and 2d be in T, where 2° = 2C + t and 2è = 2d + t.   Thus  t = 2a - 2C = 2C +

2C + '  + ... + 2a~x =2b -2d = 2d + 2d + 1 + ... + 2b-x.   Therefore, a = b and

c = d.   If t < 0, proceed as above with the roles of a and c, and b and d

reversed.

Recall that a . = ß'yß".   Let 0. . = ß'Cß~\ for /' = 3, 4, • ■ • , rzz and i

any integer.   Let  K  be the subgroup of  F   ,   generated by the  a.  and the 0    .

for  z < 77z'   and let /   be the subgroup of  F     generated by all of the  a . and the

0     .   Let p., p7 •■ ■ be variables ranging over the generators of /   and  r¡., r¡?

be variables ranging over the generators of  K.   Let   T., T   , • • •     be variables

ranging over words on the p., and \., \2, • • •  be variables ranging over words

in the  77 .

It is clear that every element of /  has exponent sum zero on ß.   The fol-

lowing procedure writes all words in the generators of F     with exponent sum

zero on ß as a word on the generators of /.   First let a.    = a. , and 0      =
" 6 ' 1 t+t i,j

0.      . and p'" = a.     or 0.      according as p,   is a. or 0. ., where / may be

any'integer.   If  T= Pifa" • Pi,., let T«> = p</>p^ ...$>.   It a = nT.-fi8*

where  X§   = 0, then a  = IlT    '     where  a, = 0 and  a.   , = a . + 8..   For example,
1 ' ! M ^1 + 1 ^11 r

if a = a,ß   la2ß  26l  ß  3, then

a = ai(ß   Ss'Hß  T     201>3ß ^«V^+í^r.l+W.S-

Consequently if è  is an element of /, b  can be uniquely written in the form

T/3    where 8 is the exponent sum on ß in b.   Since  K = )  n F   , , the



ELEMENTARY PROPERTIES OF FREE GROUPS 135

corresponding statements apply where  /, F   , and T are replaced by  FC, F   ,   and

y, respectively.   Let A = \a., i  in  T\ and A(,) = \a(.l), a. in Ai.   If t / 0, then,

by Lemma 4.1, the set A O A       has at most one member.   These facts are sum-

marized in the following lemma.

Lemma 4.2.   Let a and c  be elements of F     and F   ,   respectively.
'       m zzz r '

(i) a  is an element of ]   if and only if a has exponent sum zero on ß.

(i') c  is an element of K  if and only if c has exponent sum zero on ß.

(ii) a  can be uniquely written in the form T/3    where T is in  ].

(ii') c can be uniquely written as  yß    where y  Is zn  K-

(iii) If t / 0, then  A flA(     has at most one element.

Let A  be a free group.   Let a = a,a. • • • a     and b = b,è, ■ ■ • b    be normal
&        r 1    2 zzi 1    2 zz

forms for elements of A.   If a    / b~   , then there is no cancellation  in the product
ml' r

ab.   This situation is denoted ab = a ■ b.    If a - a'   ■  c and  b = c~    ■ b', then

c  and  c~     will be called cancelled parts in the product ab.   An equation over

A  with variables y  is a freely reduced word of A (y).   If  W  is an equation over

A  with variables y, a solution to W  is a homomorphism h  such that ha = a tot

a  in A, each by  is an element of A  and  hW = 1.   A solution can be given by

specifying the images of the elements of y.   In this terminology our problem can

be stated as follows:   given an equation  WAû, y) which has a solution  v  over

F   , , calculate a solution v to WAS, y) in F     such that v~= v.
m   ' o       ' m

If x  is a variable, the expression x(      is called a modified variable.   A

modified equation  over  F     (or F   , ) with variables  x  is an equation over  F
' 7 mm ' m

in which the variables are chosen from the set \x    , x  in x, Í  in  Z| (x       and

x ate to be considered as distinct symbols unless  t = /*).   If  W  is a modified

equation over F   ,  IV  is just an abbreviation for the unmodified equation obtained

from  W  by replacing each occurrence of x       by    ß xß~'  tot each variable  x

and each value of  t.   In what follows, it will be convenient to treat modified

equations instead of the equations which they abbreviate.   A solution  b  to a

modified equation is simply a solution to the corresponding unmodified equation.

Our equation  W AS, y) having a solution  v  in  F   ,   can easily be converted

to an equivalent modified equation having a solution  y in  K; this is seen

immediately when one notes that  WAS, v)  must have exponent sum zero on ß.

For example, suppose that WJx, y)  is y  xy     that u  is simply £ , and that an

appropriate choice for p is  3.   Then  WAS, y)  is yP(l, 3)y2.   One solution to

this equation is  y    = a yß2  and y    = [PU, 3)~   ]        Ci~lß~2.   The corresponding

modified equation over  K,  W Au*, y), is  y^TU, 3)1     y 2      and its solution y. =

a.   and y2 = TU, 3)~   a"   .   The problem has now been reduced to the one of

converting this  solution y (in  K)  to this modified equation to a solution  y (in /)

to the equation W (u* y; ) = y .0    ,yl      with the added property that y ~= y.
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A couple H consisting of a modified equation over F   , W Au*, y) and a solu-

tion y t0  W,(u *, y)  is said to be reduced if  W Au*, y) is freely reduced and non-

trivial, and if no element of y is trivial.   The following inductive procedure con-

verts an arbitrary couple to a reduced couple.   Let  W„(u, y)  be our original equa-

tion with v a solution to Wn(u, y); let z., z_, • • • , z ,   be new variables.   Obtain

Í70(u0, y )  by replacing distinct maximal subwords of elements of u* on the gen-

erators of F   ,   by distinct variables  z. which we will call restricted variables.
771 J I

(Recall that there were s'  distinct such subwords.)   Let v_  be the sequence

obtained from v by appending the subwords for which the z's were inserted.   Thus

vQ   is a solution to  l/q(u0, y ).   Let   f,(u., y.)  be the equivalent modified equation

and y    a solution to  ¿/.(u., y.).   Let H.   consist of  U.   and y..   Suppose  H

has been defined but is not yet a reduced couple.   If there exists an adjacent pair
t *     *

of modified  elements  of   y     in   U  (u   , y  ),  [yf]u'[y*e ](i   '    such that
* J n n     n    •* n        J

e(t)   *f*U  }
X       X has a nontrivial cancelled part, say

í("   «k(í) a  rv*f*i«*>     -i   w*e*U*}y*      = 4'       ■ c    and    Vy      1 = c      • 1* ,

where  c  is the maximal cancelled part, proceed as follows:   (1)   Let y   be a new

variable.   (2)   Replace yf  at all occurrences in  U     by yc[y(] and y*(    by

[y *~f ] ye    and append y   to y  ; if either y  or y* is restricted then y * is

restricted.   (3)   Replace  y by W, y* by f*, and append c to y  .   (4)   Delete

all trivial elements from the resulting sequence of solution elements, and delete

the corresponding elements from the variable sequence and from  U     as modified

in step (2).   Call the resulting variable and solution sequences  y     j   and y

(5)   Freely reduce the expression obtained from  U (u  , y )  in step (4) to obtain

U     ,(u     ,, y     ,).   If there is no such adjacent pair, then reducedness must be71 + 171 + 1-^71 + 1 ' r

violated by the existence of a trivial element of v  .   Obtain  H     ,   from  H     by
1 ^n 71 + 1 7i      '

applying steps (A) and (5) of the preceding instructions.

The convergence of the above algorithm is clear when one notes that once

it has been applied for a product of a pair of (modified) variables  y(y*    , the

products of  y's corresponding to all of the following expressions (each of the

variables may also be modified) which actually occur in one of our subsequent

couples are freely reduced: yfye, yey*c , y e   y*( .   Consequently, at most one

new variable is introduced for each possible pair y(y        in y..   There are

2(s + s')2  distinct such pairs.   Consequently, when the procedure terminates,

we have an equation with at most (s + s )(2s + 2s'  + 1)  variables, of which at

most  s'(As + 2s'  + 1)  are restricted variables.   Note that restricted  y's in y

have length at most  p because each is a subword of a translate of a restricted

element of  y..
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Our final reduction of the problem has now been obtained.   Given a reduced

couple with equation  U (u  , y )   and  solution  y     in  K  to  U  (u   , y ), calculate
£ ^ n     n    J n /y-n n     n    J n

a solution to the former equation y with the properties that y = y and if y

is a restricted variable, and y is the corresponding element of y , then X = X.

The rest of this paper is devoted to solving this problem.

We will consider maps and diagrams over the free group }   with the symmetrised

set  R  of relations determined by 0.  . = [Yij, p)]    , i an integer, zzz'  < / < zzz.   An

immediate consequence of Lemma 4.2 (iii) is that cancelled parts in products of

elements of R  have length at most 1.   Observe that  K  is simply the quotient of /

by the normal subgroup generated by  R.   The diagrams we wish to consider will be

the diagrams for sequences of conjugates of elements of R.

Let M  be a reduced diagram.   The label on an internal edge of M  must be a

cancelled part in the product of two elements of R  since the label on an internal

edge is cancelled in the product of the two elements of R  which label the bound-

aries of the two regions (reading from one fixed end of the edge in question) on

either side of that edge.   Consequently, in reduced diagrams of the types which

we  consider, the labels on internal edges have length one; furthermore no two

regions can share two or more edges, each with label of length 1 by Lemma 4.2

(iii).

Since each region  D has  D ' labelled by a member of R  and no 6. . can be a

cancelled part in a product of two distinct members of  R, each region  D  has  D'

H M ' including at least one edge.

Let  c., c?, • ■ • , c    be a sequence of conjugates of elements of R.   The min-

imal diagram for such a sequence will have at most p regions since the cyclically

reduced part of each  c     contains exactly one 0. .  and these letters can not be

shared by the labels on distinct regions.   Furthermore, each region  D  has the sum

of the lengths of the labels on  D ' equal to p + 1.   At most p - 1   edges on  D '

are shared with other regions, and consequently, the sum of the lengths of the

labels on  D 'O M " is at least p + 2 - p.

Let  U  (u   , y  )  and  y    be the reduced couple in question.   U  (u   , X  )  is
n     n    J n Aw r -1 n     n       n

freely reduced, contains at most p  occurrences of letters  6       for ; > zzz'  (since

the original equation  W0(u, y)  had  p  occurrences of £   for / > zzz' ) and

U ÍS , y ) = 1   in  K.   Therefore  U  (u   , y )  is equal in   /   to a product of a se-
Z2     rz    "n n     zz    •* zz ^ J r

quence of at most p conjugates of elements of R.   Let AL  be the reduced diagram

corresponding to a minimal such sequence, and let M  be the corresponding seg-

ment diagram.   The label on M ' is  U (u  , y ).   The boundary vertices of M  give

one partition of this word into at most Ap - I   cells, and the spelling of

Uní»n, y ) gives another partition of this word, in which the cells either contain

(a translate of) a member of u   , or (a translate of) a member of y    corresponding
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to an occurrence of a particular variable.   Let II be the coarsest common refine-

ment of these two partitions.   Call the cells of II constant cells, restricted cells

or unrestricted cells according as these cells contain subwords of constants or

members of y    corresponding to restricted or unrestricted variables.   II has at

most 77 = Lis + s')Í2s + 2s' + 1) + Ap - 1   cells.   (M  has at most Ap - 1   segments;

L  is the length of W0(u, y); for the sake of an estimate we suppose that each term

in this expression is split into a part for each variable in  y  .)

Let N  be the map which arises from Al  by adding vertices of degree two to

reflect this refinement II.   The boundary edges of N  are labelled by the contents

of the corresponding cells of II.   For each region D  of N, D ' n N ' has total

label length at least p + 2 - p.   Further, the edge of N which is labelled with the

0. . (/ > 77i') for this region contains that letter alone.   Therefore, the remaining

p + 1 — p  letters on D ' are divided among at most n - 1   cells.   By the pigeon-

hole principal, one of these cells must contain at least ip + 1 - p)/in — 1)  letters.

This particular cell must be an unrestricted cell, since restricted cells can con-

tain at most p  letters.   Let the label on this cell be  A.   If A  is replaced by  Ar,

where  r is the relator in  R  with the initial segment A-   , in both y     and on the

boundary of N, the regions with boundary edges labelled by  A  become regions

with a boundary which freely reduces to   1   in /.   Therefore, if the word is freely

reduced and the corresponding reduced diagram M  is constructed, M  has fewer

regions.   If this replacement procedure is carried out at most p  times, the re-

sulting diagram will be the trivial diagram with no regions.   That is, we will have

replaced the sequence y    by a sequence y      having the property that U (u  , y )

= 1   in  /.   Moreover, since the replacements are only made in unrestricted cells,

if y  is a restricted element of y   ,  y = y.   Thus we have described the desired

algorithm and have proved

Lemma 4.3 (the principal lemma).    Suppose that p > BIG (A!, p).    Let      be

a homomorphism from  F     onto  F   ,   defined by j = j in  F   ,   and C,. = Y(i, p),

for i > m'.    Then for any s-tuple  v  of elements of F   ,   for which  M(û, v)  holds,

one can effectively calculate a sequence  v of elements of F     such that Al(u, v)

holds and such that v - v .   Moreover  v  is obtained by replacing certain sub-

words of elements of v  on the letters  ß and y by words  F     iniiolving the  £..
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